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Abstract
We provide a new perspective on parallel 2-transport and principal 2-group bundles with 2-
connection. We define parallel 2-transport as a 2-functor from the thin fundamental 2-groupoid to
the 2-category of 2-group torsors. The definition of the 2-category of 2-group torsors is new, and we
develop the tools necessary for computations in this 2-category. We prove a version of the non-Abelian
Stokes Theorem and the Ambrose-Singer Theorem for 2-transport. This definition motivated by the
fact that principal G-bundles with connection are equivalent to functors from the thin fundamental
groupoid to the category of G-torsors. In the same lines we deduce a notion of principal 2-bundle with
2-connection, and show it is equivalent to our notion 2-transport functors. This gives a stricter notion
than appears in the literature, which is more concrete. It allows for computations of 2-holonomy which
will be exploited in a companion paper to define Wilson surface observables. Furthermore this notion
can be generalized to a concrete but strict notion of n-transport for arbitrary n.
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1 Introduction
There is a great variety of notions of parallel 2-transport for principal 2-bundles with 2-connection,
consider for instance [Wal17, SW16, CCRR99, JFM10, MP08, SW11, SW13, Wan17]. The majority of
these papers define 2-transport locally and then use a gluing construction to extend to the global case.
Instead we will develop a notion that is inherently global, based on considering 2-functors Πthin2 (M) →
G-tor. This is inspired by [CLW16] which proves an equivalence between functors Πthin1 (M) → G-tor
and principal G-bundles with connection, and [SW11] which develops theory for trivial principal G-2
bundles with 2-connection by considering functors Πthin2 (M)→ BG.
This definition arose from a need to have a notion of 2-transport which can deal with non-trivial
2-bundles, but which is also more concrete than appears elsewhere in the literature. This in turn is based
on the observation that in practice all the principal 2-bundles we encountered were based on constructions
out of ordinary principal bundles. Such principal 2-bundles tend to have the same local data as ordinary
principal bundles, and are stricter than most notions of 2-bundles appearing in the literature. Hence we
develop a notion of 2-transport that is more suited to the structures we encounter in practice.
The main application of this theory will be to develop a mathematical notion of Wilson surface
observables, to appear in a separate paper. That is, a (higher) gauge invariant quantity associated to a
map S →M from a surface to a manifold with a principal (2-)bundle. The idea there is to interpret the
results in [ACM15] in the language of higher gauge theory, and to extend the notion obtained in this way
to different 2-groups.
The theory of 2-gauge theory can also be seen as a bridge towards understanding n-gauge theory.
Indeed, armed with a higher version of the non-Abelian Stokes theorem, it becomes fairly straightforward
to define principal n-bundles with n-connections and their associated parallel n-transport, at least for
strict n-groups. This will be explained in a separate paper.
2 General theory
2.1 Lie 2-groups
A Lie 2-group is a 2-categorical generalization of a Lie group. There are several equivalent ways of
defining 2-groups. We will be interested in strict Lie 2-groups only.
Definition 2.1. Abstractly, a Lie 2-group is a category internal to LieGrp, the category of Lie groups.
Or a (strict, smooth) 2-category with one object and all morphisms invertible. More concretely it is a Lie
groupoid G1 ⇒ G0 with a group multiplication M : Gi × Gi → Gi, which is compatible with the groupoid
structure (i.e. group multiplication and inversion are functors).
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Yet even more concretely, a Lie 2-group is equivalent to a smooth crossed module.
Definition 2.2. A smooth crossed module (G,H, t, α) consists of two Lie groups G, H, together with
a Lie group homomorphism t : H → G (the ‘target map’) and an action α : G → Aut(H) satisfying the
following two axioms:
• t(αgh) = gt(h)g−1 for all g ∈ G, h ∈ H
• αt(h)h′ = hh′h−1 for all h, h′ ∈ H.
Proposition 2.3. There is a 1:1 equivalence between smooth crossed modules and Lie 2-groups.
Proof (sketch): A smooth crossed module gives a Lie 2-group by setting G1 = G nH and G0 = G with
source (g, h) 7→ g, target (g, h) 7→ t(h)g, multiplication (g, h)(g′, h′) = (gg′, hαg(h′)) and composition
(t(h)g, h′) ◦ (g, h) = (g, h′h). Conversely given a Lie 2-group s, t : G1 ⇒ G0 we get a crossed module by
setting G = G0, H = ker s, t = t|ker s, and αg(h) = Idg ·h · Id−1g . Consult [BS76] for more details.
From now one we will treat smooth crossed modules and Lie 2-groups without distinction, and the
words ’smooth’ and ’Lie’ are sometimes omitted. Moreover we fix a smooth crossed module (G,H, t, α)
which is equivalent to the 2-group GnH ⇒ G for the rest of this paper.
Proposition 2.4. For any crossed module ker t ⊂ H is a central subgroup.
Proof. Let h ∈ ker t then hh′h−1 = αt(h)h′ = h′ for any h′ ∈ H.
Conversely any central extension of Lie groups
1→ Z → H → G→ 1
defines a crossed module. Note that this is equivalent to t being surjective. This gives a very large class
of examples of 2-groups, and many 2-groups that arise in practice are of this form.
The infinitesimal counterpart of a Lie 2-group is a Lie 2-algebra. We will describe Lie 2-algebras from
the point of view of crossed modules.
Definition 2.5. The Lie 2-algebra or infinitesimal crossed module associated to a crossed module (G,H, t, α)
is the tuple (g, h, t∗, α∗) where g, h are the Lie algebras of G, H respectively, t∗ : h→ g is the derivative
of t : H → G, and α∗ : g× h→ h is the bilinear map obtained by differentiating α : G×H → H in both
arguments.
To an infinitesimal crossed module we also associate the Lie algebra gn h, which as a vector space is
g× h but with Lie bracket:
[X,Y ]gnh = [X,Y ]g [X, ξ]gnh = α∗(X, ξ) [ξ, η]gnh = [ξ, η]h X,Y ∈ g, ξ, η ∈ h. (2.1)
We note that s∗(X + ξ) = X, t∗(X + ξ) = X + t∗ξ are source and target maps for a groupoid gn h⇒ g.
2.2 G-2-torsors
A G-torsor, for G a Lie group is a manifold with a free and transitive G-action, or equivalently, a
principal G-bundle over a point. Similarly, G-2-torsors are Lie groupoids with a free and transitive G-
action. These G-2-torsors will form the fibers of principal 2-bundles, as well as the target 2-category of
parallel 2-transport. First let us recall the definition of a 2-group action on a Lie groupoid.
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Definition 2.6. A (right) Lie 2-group action of G = (G n H ⇒ G) on a Lie groupoid X1 ⇒ X0 is a
functor R : X × G → X such that the following diagram commutes (on the nose):
X × G × G X × G
X × G X
Id×M
R×Id R
R
where M : G × G → G is the 2-group multiplication. That is, there is a G n H-action on X1 and a G
action on X0 which are compatible with the groupoid structure.
Definition 2.7. Let G be a 2-group, then a G-2-torsor is a groupoid X1 ⇒ X0 together with a free and
transitive G action R : X × G → X . That is, the GnH and G actions are both free and transitive, or in
other words X1 is a GnH-torsor and X0 is a G-torsor. Equivalently the functor
(pi1 ×R) : X ×G→ X ×X
is invertible (on the nose), where pi1 is the projection onto the first factor. That is, for X,Y ∈ Xi there
is a unique Y : X ∈ Gi such that X · (Y : X) = Y .
This definition has a number of useful consequences. First we derive two useful formulas for division
and composition. Note that the map
X × X → G, (X,Y ) 7→ X : Y (2.2)
is functorial. In particular this means that for any X,X ′, Y, Y ′ ∈ X such that Y ◦ X and Y ′ ◦ X ′ are
defined we have
(Y : Y ′) ◦ (X : X ′) = (Y ◦X) : (Y ′ ◦X ′). (2.3)
Functoriality of the G action implies that for any X,Y ∈ X and g, h ∈ G such that X ◦ Y and g ◦ h are
defined we have
(X · g) ◦ (Y · h) = (X ◦ Y ) · (g ◦ h). (2.4)
Next we consider the morphisms of G-2-torsors, and elaborate on the properties of these morphisms.
Definition 2.8. G-2-torsors form a (strict) 2-category G-tor. The 1-morphisms are given by smooth
equivariant functors, and the 2-morphisms by smooth natural transformations.
Lemma 2.9. A 1-morphism of (G n H ⇒ G)-2-torsors F : X → Y is completely determined by the
induced morphism F0 : X0 → Y0 of G-torsors. Furthermore any morphism F0 : X0 → Y0 extends uniquely
to a 1-morphism F : X → Y.
Proof. Let F : X → Y be an equivariant functor and let X : p → q. Then using functoriality and
equivariance we have
F (X) = F (Idp · (X : Idp)) = F (Idp) · (X : Idp) = IdF0(p) ·(X : Idp), (2.5)
thus F is completely determined by F0 : X0 → Y0. On the other hand suppose F0 : X0 → Y0 is an
equivariant map, then we claim
F (X) = IdF0(p) ·(X : Idp) (2.6)
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defines an equivariant functor F : X → Y. Let X : p→ q and Y : q → r, then we need to show that
F (Y ◦X) = F (Y ) ◦ F (X). (2.7)
We now expand the left hand side of (2.7) and divide by IdF (p):
F (Y ◦X) : IdF (p) = (Y ◦X) : Idp . (2.8)
On the other hand, using (2.3) twice we compute,
(F (Y ) ◦ F (X)) : IdF (p) = (IdF (q) ·Y : Idq) ◦ (IdF (p) ·(X : Idp)) : IdF (p) (2.9)
= (IdF (q) · (Y : Idq) : IdF (p)) ◦ (X : Idp) (2.10)
= ((IdF (q) : IdF (p)) · (Y : Idq)) ◦ (X : Idp) (2.11)
= ((Idq : Idp) · (Y : Idq)) ◦ (X : Idp) (2.12)
= (Y : Idp) ◦ (X : Idp) = (Y ◦X) : Idp, (2.13)
which shows that (2.7) holds, and hence that F is a functor. Equivariance is per definition.
Lemma 2.10. One can equivalently define a 2-morphism F ⇒ F ′ for F, F ′ : X → Y as a map η : X0 → Y1
such that:
1. η(p) : F (p)→ F ′(p)
2. η(p · g) = η(p) · Idg
Proof. The first identity is per definition of a natural transformation. We will show the second identity
is equivalent to the property that for any X : p→ q in X the following diagram commutes:
F (p) F (q)
F ′(p) F ′(q)
F (X)
η(p) η(q)
F ′(X)
(2.14)
Writing this out as a formula we obtain
η(q) ◦ (IdF (p) ·(X : Idp)) = (IdF ′(p) ·(X : Idp)) ◦ η(p). (2.15)
We apply equivariance of composition (2.4) to the left hand side of (2.15):
η(q) ◦ (IdF (p) ·(X : Idp)) =
([
η(q) · IdF (p):F (q)
] · IdF (q):F (p)) ◦ (IdF (p) ·(X : Idp)) (2.16)
=
(
η(q) · IdF (p):F (q))
) ·X : Idp . (2.17)
We can apply the same trick to the right hand side of (2.15):
(IdF ′(p) ·(X : Idp)) ◦ η(p) = (IdF ′(p) ·(X : Idp)) ◦ η(p) · Id1 = η(p) · (X : Idp). (2.18)
Thus we obtain that (2.15) is equivalent to
η(p) = η(q) · IdF (p):F (q) = η(q) · Idp:q, (2.19)
which is precisely the identity we wished to prove.
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Lemma 2.11. The map η : X0 → Y1 of lemma 2.10 is equivalent to the map ηH : X0 → H defined by
ηH(p) = η(p) : IdF (p) . (2.20)
In fact a 2-morphism F → F ′ is equivalent to a map ηH : X0 → H such that
1. t(ηH(p)) = F
′(p) : F (p)
2. ηH(p · g) = αg−1ηH(p)
Proof. Equation (2.20) together with lemma 2.10 provide the equivalence. The first property in this
lemma is immediate, the second is a computation:
ηH(p · g) = η(p · g) : IdF (p·g)
= (η(p) · 1g) : (IdF (p) ·1g)
= 1g−1 · (η(p) : IdF (p)) · 1g
= αg−1ηH(p).
Lemma 2.12. Let • denote vertical composition, and ◦ horizontal composition of 2-morphisms of G-
torsors. Then horizontal and vertical composition in terms of ηH is given by:
X Y
F
F ′
F ′′
η
η′
(η′ • η)H(p) = ηH(p) · η′H(p) (2.21)
X Y Z
F1
F ′1
η1
F2
F ′2
η2
(η2 ◦ η1)H(p) = η1,H(p) · η2,H(F ′1(p))
= η2,H(F1(p)) · η1,H(p)
(2.22)
Proof. We compute the first identity:
(η′ • η)H(p) = (η′(p) ◦ η(p)) : IdF (p) = η′(p) : IdF (p) ◦ ηH(p)
= IdF ′(p):F (p) η
′
H(p) ◦ ηH(p) = αt(ηH(p))(η′H(p)) ◦ ηH(p)
= ηH(p)η
′
H(p).
For the second identity recall first the definition of horizontal composition of natural transformations:
(η2 ◦ η1)(p) = η2(F ′1(p)) ◦ F2(η1(p)) = F ′2(η1(p)) ◦ η2(F1(p)) (2.23)
Then we compute
(η2 ◦ η1)H(p) =
[
η2(F
′
1(p)) ◦ F2(η1(p))
]
: IdF2F1(p)
=
[
η2(F
′
1(p)) : IdF2F1(p)
] ◦ [F2(η1(p)) : IdF2F1(p) ]
=
[
η2(F1(p)) · IdF ′1(p):F1(p) : IdF2F1(p)
] ◦ [ IdF2F1(p) ·η1,H(p) : IdF2F1(p) ]
= η2,H(F1(p)) · Idt(η1,H(p)) ◦η1,H(p)
= η2,H(F1(p)) · η1,H(p).
We can also transform this identity, to complete the proof:
η2,H(F1(p)) · η1,H(p) = η2,H(F ′1(p) · F1(p) : F ′1(p)) · η1,H(p)
= α(t(η1,H(p)), η2,H(F
′
1(p)))η1,H(p)
= η1,H(p)η2,H(F
′
1(p)).
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2.3 The thin fundamental 2-groupoid
Given a manifold M , we can consider its fundamental groupoid Π1(M). This is the groupoid with objects
points in M and arrows homotopy classes of paths. Instead we will be interested in the thin fundamental
groupoid Πthin1 (M), where we take paths up to thin homotopy instead.
Definition 2.13. Two paths γ0, γ1 are thinly homotopic if there is a (smooth) homotopy Σ: I
2 → M ,
Σ: γ0 ⇒ γ1 such that the rank of the differential DΣ: TI2 → TM is at most 1 at every point.
In other words a thin homotopy Σ ‘doesn’t sweep out any area’ and changes γi only in the direction
of γi. In this sense it is essentially a notion of reparametrization of paths. Any path is thinly homotopic
to a path which is locally constant near its endpoints (‘sitting instants’). Using this we can define
concatenation of thin homotopy classes of paths.
Definition 2.14. The thin fundamental groupoid Πthin1 (M) is the groupoid with objects points in M and
arrows thin homotopy classes of paths. Composition of arrows is concatenation of paths, and inversion
is reversal of paths.
This can be upgraded to a thin fundamental 2-groupoid by adding bigons (i.e. path homotopies) as
2-morphisms. A bigon homotopy h : Σ0 V Σ1 between bigons Σi : γ0 ⇒ γ1 is a map h : I3 → M such
that h(i, s, t) = Σi, and h(u, s, t) is a bigon γ0 ⇒ γ1 for each u ∈ I. A homotopy of bigons h : Σ0 V Σ1 is
thin if the rank of the differential Dh : TI3 → TM is at most 2 at any point. Bigons can be horizontally
and vertically composed, and this leads to a 2-groupoid. Refer to [SW11] for a more detailed definition.
Definition 2.15. The thin fundamental 2-groupoid Πthin2 (M) is the 2-groupoid with objects points in
M , 1-morphisms thin homotopy classes of paths, and 2-morphisms thin homotopy classes of bigons.
Horizontal and vertical composition of bigons is illustrated in figure 2.1
Figure 2.1: The left shows vertical composition of bigons, and the right side horizontal compo-
sition of bigons.
2.4 Transport 2-functors
Collier, Lerman and Wolbert [CLW16] showed that smooth functors Πthin1 (M) → G-tor are the same
thing as principal bundles with connection (in fact they established an equivalence of stacks). This
motivates us to study smooth 2-functors Πthin2 (M) → G-tor as these should give an appropriate notion
of principal 2-bundle with 2-connection. So far we have defined the source and target 2-categories of such
functors, but it is not immediately obvious what it means for such 2-functors to be smooth. There is a
natural diffeological structure on Πthin2 (M), but for G-tor there is no such structure we can use. Schreiber
and Waldorf [SW13] defined smoothness by introducing a notion of locally trivializable 2-functors and
smooth descent. We will instead present a generalization to the smoothness notion used in [CLW16].
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Definition 2.16. A G-transport 2-functor is a 2-functor F : Πthin2 (M)→ G-tor satisfying the following
smoothness conditions:
• Set Πthin1 (M,x) to be the group of thin homotopy classes of loops at x ∈ M . Then F induces a
homomorphism Πthin1 (M,x)→ Aut(F (x)). The space on the left is diffeological, and the space on
the right is smooth (we can identify Aut(F (x)) with G. This identification is not canonical, but
the smooth structure on Aut(F (x)) is). We require that F preserves this smooth structure for
some x ∈M or equivalently for all x ∈M .
• Set Πthin2 (M,x, y) to be the groupoid of paths x → y and bigons between them (with vertical
composition of bigons as groupoid composition). Let Hom(F (x)0,F (y)1) be the set of equivariant
morphisms F (x)0 → F (y)1 (in the sense that f(p · g) = f(p) · Idg). Then F induces a map
Πthin2 (M,x, y) → Hom(F (x)0,F (y)1). By picking p ∈ F (x)0 we identify Hom(F (x)0,F (y)1) ∼=
H, f 7→ f(p) : Ids(f(p)) (cf. lem. 2.11). Changing p ∈ F (x)0 changes this identification by conju-
gation, and therefore gives a well-defined smooth structure on Hom(F (x)0,F (y)1). Subsequently
we require that Πthin2 (M,x, y) → Hom(F (x)0,F (y)1) is smooth with respect to the diffeological
structure on Πthin2 (M,x, y) and the smooth structure on Hom(F (x)0,F (y)1) for some x, y ∈ M
(or equivalently for all x, y ∈M).
Note defined this way, a transport 2-functor induces a transport functor Tra1 : Πthin1 (M) → G-tor
in the sense of [CLW16]. They showed that such functors are the same as principal G-bundles with
connection. Here ‘the same’ means an equivalence of the relevant categories. We want an analogous
result for transport 2-functors and principal G-2-bundles with 2-connection. To this end we first define
the 2-category of transport 2-functors by adapting the definition from Schreiber & Waldorf [SW11]. They
worked instead with 2-functors Πthin2 (M)→ BG, which only captures trivial 2-bundles.
Next we describe the morphisms of the 2-category of 2-transport functors. These definitions can also
be used to define a 2-functor 2-category Fun2(C ,D) for any pair of 2-categories. [Pow98]
Definition 2.17. A 1-morphism ρ : F → F ′ of transport 2-functors is a pseudonatural transformation.
That is, an assignment x 7→ ρ(x) : F (x) → F ′(x) such that the following diagram commutes up to a
2-morphism ρ(γ) for all γ : x→ y:
F (x) F (y)
F ′(x) F ′(y)
F(γ)
ρ(x) ρ(y)ρ(γ)
F ′(γ)
(2.24)
We require that ρ preserves composition. That is, for all γ : x→ y and γ′ : y → z we require:
F (x) F (y) F (z)
F ′(x) F ′(y) F ′(z)
F(γ)
ρ(x) ρ(y)
F(γ′)
ρ(γ) ρ(z)ρ(γ′)
F ′(γ) F ′(γ′)
=
F (x) F (z)
F ′(x) F ′(z).
F(γ′◦γ)
ρ(x) ρ(z)ρ(γ′◦γ)
F ′(γ′◦γ)
(2.25)
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We also require that ρ is compatible with 2-morphisms. That is, for any Σ: γ ⇒ γ′ we require:
F (x) F (y)
F ′(x) F ′(y)
F(γ)
ρ(x) ρ(y)ρ(γ)
F ′(γ)
F ′(γ′)
F ′(Σ)
=
F (x) F (y)
F ′(x) F ′(y).
F(γ′)
ρ(x)
F(γ)
F(Σ)
ρ(y)ρ(γ′)
F ′(γ′)
(2.26)
Composition of two modifications ρ : F → F ′, ρ′ : F ′ → F ′′ is defined by:
(ρ′ ◦ ρ)(x) = ρ′(x) ◦ ρ(x), (2.27)
(ρ′ ◦ ρ)(γ) = (ρ′(γ) ◦ 1ρ(x)) ◦ (1ρ′(y) ◦ ρ(γ)), for γ : x→ y. (2.28)
Definition 2.18. A 2-morphism ρ, ρ′ of pseudonatural transformations of transport 2-functors F ,F ′ is
a modification A : ρ⇒ ρ′. That is, for each x ∈M a 2-morphism of G-2-torsors
F (x) F ′(x)
ρ(x)
ρ′(x)
A(x) (2.29)
Such that for each γ : x→ y we have
F (x) F (y)
F ′(x) F ′(y)
F (γ)
ρ′(x) ρ(x)
A(x)
ρ(y)ρ(γ)
F ′(γ)
=
F (x) F (y)
F ′(x) F ′(y)
F(γ)
ρ′(x) ρ′(y) ρ(y)
A(y)
ρ′(γ)
F ′(γ)
(2.30)
Horizontal and vertical composition of 2-morphisms is given by pointwise horizontal and vertical compo-
sition of the corresponding 2-morphisms of G-2-torsors.
Definition 2.19. 2-transport functors Πthin2 (M)→ G-tor with pseudonatural transformations and mod-
ifications define a strict 2-category Trans2(M,G).
3 Principal G-2-bundles with 2-connection
The main objective of this paper is to give a useful definition of a principal G-2-bundle with 2-connection
based on the natural notion of 2-transport functor. It is not clear a priori what such a 2-bundle with
2-connection is, and it is also not obvious what the right notion of morphism are for such bundles.
We will give a definition of 2-bundles with 2-connection that is constructed in such a way that it will
give a 2-category equivalent to the 2-category of 2-transport functors. We will skip ahead and give the
definition, and then in the remainder of the section we justify this definition by showing its equivalence
to 2-transport functors.
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Definition 3.1. A principal G-2-bundle over a manifold M is a groupoid P1 ⇒ P0 with a right action
R : P 	 G and a G-invariant surjective submersion functor pi : P → (M ⇒M), i.e. surjective submersions
fitting in a commutative diagram:
GnH  P1 P0 	 G
M
pi1 pi0
Moreover we require that the following functor is an isomorphism of categories (i.e. there is an inverse)
(pr1, R) : P × G → P ×M P, (p, g) 7→ (p, p · g), (3.1)
where pr1 is projection to the first factor.
Remark 3.2. Since P is a groupoid, there is an identity map P0 → P1, therefore a trivialization of P0
induces a trivialization of P1 (we can extend any local section of P0 to a section of P1, alternatively
transition functions of P0 define transition functions of P1 under the inclusion G→ GnH). Furthermore
the definition of a 2-connection and the definitions of all the relevant morphisms can be completely phrased
in terms of P0. Therefore in this setting we can completely replace principal G-2-bundles by ordinary
principal G-bundles. However in the proofs the groupoid structure and G action naturally appear, and
therefore it is better to keep this definition as it is.
Definition 3.3. A 2-connection on a principal G-2-bundle P1 ⇒ P0 is a pair (A,B) with A ∈ Ω1(P0, g)
a connection on P0 and B ∈ Ω2(P0, h) satisfying:
1. (Equivariance): R∗gB = (α
−1
g )∗B for all equivariant g : P0 → G. Here (α−1g )∗ is obtained by
differentiating α−1g(m) : H → H to a map h→ h for each m ∈M .
2. (Fake-flatness): t∗B = FA where t∗ : h→ g and FA is the curvature of A.
The equivariance condition is equivalent to
1. (Equivariance): R∗gB = (α
−1
g )∗B for all g ∈ G and ι(Xξ)B = 0 for all ξ ∈ g, where Xξ is the
fundamental vector field of the G action on P0.
This definition of principal 2-bundle with 2-connection coincides with that of ’special G 2-bundles’
in [JFM10], however they do not explain the equivalence of that definition with 2-transport. In the
category of principal bundles with connections one requires that morphisms preserve the connection.
That is, a 1-morphism ρ : (P,A) → (P ′, A′) is an equivariant bundle map such that ρ∗A′ = A. On the
side of transport functors this is the requirement that a 1-morphism is a natural transformation and hence
commutes with parallel transport in the sense of diagram (2.24) (on the nose). However for transport
2-bundles we require this diagram only to commute up to 2-morphism. This translates to a slightly
different notion of 1-morphisms for 2-bundles with 2-connection.
Definition 3.4. A 1-morphism of 2-bundles with 2-connection (P, A,B) → (P ′, A′, B′) is a pair (F, φ)
with F : P → P ′ an equivariant functor (or equivalently an equivariant bundle map P0 → P ′0), such that
pi′ ◦ F = pi and φ ∈ Ω1(P0, h) a form such that:
1. R∗gφ = (α
−1
g )∗φ for all equivariant g : P0 → G, or equivalently,
R∗gφ = (α
−1
g )∗φ for all g ∈ G and φ(Xξ) = 0 for all ξ ∈ g.
2. F ∗A′ = A+ t∗φ.
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3. F ∗B′ = B + dφ+ 12 [φ, φ] +
1
2 [A ∧ φ], where [A ∧ φ] is understood as the Lie bracket of gn h-valued
forms (cf. eq. (2.1)). With slight abuse of notation one can replace 12 [A ∧ φ] by α∗(A ∧ φ).
Composition is defined by (F ′, φ′) ◦ (F, φ) = (F ′ ◦ F, φ+ F ∗φ′).
We can also consider automorphisms, and take Rg : P0 → P0 for equivariant g : P0 → G (and still
φ ∈ Ω1(P0, h)). Then we get the appropriate notion of gauge transformations for 2-connections:
1. A 7→ Ad−1g
(
A+ dgg−1 + t∗φ
)
2. B 7→ (α−1g )∗
(
B + dφ+ 12 [φ, φ] +
1
2 [A ∧ φ]
)
In physical terms, the action of φ should be interpreted as a higher gauge symmetry.
Definition 3.5. A 2-morphism of 2-bundles with 2-connection
(P, A,B) (P ′, A′, B′)
(F,φ)
(F ′,φ′)
a (3.2)
is a map a : P0 → H such that for all p ∈ P0:
a(p · g) = αg−1a(p) (3.3)
F ′(p) = t(a(p))F (p) (3.4)
φ′ = Ada φ− (r−1a ◦ αa)∗A− a∗θ (3.5)
Here r−1a ◦αa is the map P0×G→ H, (p, g) 7→ α(g, a(p))a(p)−1. Vertical composition of a, a′ is pointwise
multiplication a(p) · a′(p). Horizontal composition of a : (F, φ) ⇒ (F ′, φ′), a′ : (F˜ , φ˜) ⇒ (F˜ ′, φ˜′) is given
by (F ′)∗a′ · a.
This defines a strict 2-category of principal G-2-bundles with 2-connection. One needs to check that
this data satisfies all the axioms of a 2-category. This is a straightforward task, and we present it without
proof.
Proposition 3.6. Principal G-2-bundles with 2-connections and the 1- and 2-morphisms described above
define a 2-category Bun2∇(M,G).
Let P1 ⇒ P0 be a principal G-2-bundle. Then a trivialization of P0 with respect to some cover Ui
induces a trivialization of P1 (both as ordinary principal bundles) by using the identity map P0 → P1 to
extend any section of P0. Alternatively if we have transition functions gij : Uij → G then we can trivially
extend these to transition functions Uij → G nH. With respect to such a trivialization a 2-connection
is given by
Ai ∈ Ω1(Ui, g), Bi ∈ Ω2(Ui, h),
such that:
t∗Bi = Fi = dAi +
1
2
[Ai, Ai], (3.6)
Ai = g
−1
ij Ajgij + g
−1
ij dgij , (3.7)
Bi = (α
−1
gij )∗Bj . (3.8)
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4 Equivalence between transport 2-functors and principal 2-
bundles with 2-connection
4.1 Extracting geometric data from transport 2-functors
This section will be devoted to showing the equivalence between transport 2-functors and principal 2-
bundles with 2-connection. To start, we will show how to extract the data of a principal 2-bundle with
2-connection from a transport 2-functor.
First we will recall how to obtain a principal G-bundle from a smooth functor Tra : Πthin1 (M)→ G-tor,
following [CP93]. Let us fix some ∗ ∈ M then let Πthin1 (M, ∗) ⊂ Πthin1 (M) be the full subgroupoid of
paths starting at ∗ ∈M , and let Ωthin1 (M, ∗) ⊂ Πthin1 (M, ∗) be the group of thin homotopy classes of loops
at ∗. Then fixing some isomorphism Tra(∗) ∼= G we obtain a homomorphism Hol : Ωthin1 (M, ∗)→ G. We
then consider the following equivalence relation on Πthin1 (M, ∗)×G:
(γ, g) ∼ (γ′, h) if γ(1) = γ′(1), Hol(γ′γ−1) = hg−1. (4.1)
Then consider P = Πthin1 (M, ∗) × G/ ∼. With projection pi[γ, g] = γ(1) and G-action [γ, g] · h = [γ, gh]
this defines a principal G-bundle P →M .
Recall that parallel transport along a path γ : x → y is defined as follows. Let γ˜ be (any) lift of γ,
starting at some p ∈ Px. Then we have
Traγ(p) : γ˜(1) = P exp
∫ 1
0
−A(γ˜′(t)) dt, (4.2)
where the right hand side is the path ordered exponent, i.e. the solution to the differential equation
g′(t) = −A(γ′(t))g(t), g : I → G. (4.3)
This allows us to recover the connection from parallel transport. Let γt for t ∈ I be the path γt(s) = γ(st),
then note that
A(γ˜′(0)) = − d
dt
∣∣∣∣
t=0
Tra(γt)(p) : γ˜(t). (4.4)
Or alternatively,
A(γ˜′(0)) =
d
dt
∣∣∣∣
t=0
Tra(γt)
−1(γ˜(t)) : γ˜(0). (4.5)
The smoothness condition on transport functors then assures that this defines a g-valued differential
form.
On the other hand given a principalG-bundle with connection, we obtain a smooth functor Πthin1 (M)→
G-tor through parallel transport. These two constructions give an equivalence of categories. Stated in
different terms this result is originally due to [Bar90], but using categorical language this statement
appears in [SW09, CLW16].
Theorem 4.1. The procedure above defines an equivalence of categories Bun1∇(M,G) ∼= Trans1(M,G),
i.e. respectively the category of principal G-bundles with connection on M and the category of smooth
functors Πthin1 (M)→ G-tor.
The B-form is obtained from 2-transport in a similar, but more involved way. Let Σ: I2 → P be a
smooth map, and denote
X =
d
ds
∣∣∣∣
s=0
Σ(s, 0), Y =
d
dt
∣∣∣∣
t=0
Σ(0, t). (4.6)
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To each pair (s, t) ∈ I2 we can associate a canonical thin homotopy class of bigons Γ(s, t) : I2 → I2. This
is shown in figure 4.1. This gives a map Γ: I2 → Πthin2 (I2)2, i.e. the space of bigons on I2. Composition
with Σ then defines a map Σ∗ : Πthin2 (I
2) → Πthin2 (P ). Thus Σ∗Γ(s, t) is a bigon for each s, t ∈ I2. We
obtain a 2-form by taking the 2-transport along Σ∗Γ(s, t) and differentiating with respect to s, t. More
precisely, we define
B(X,Y ) =
∂2
∂s∂t
∣∣∣∣
(0,0)
Tra2(pi∗Σ∗Γ(s, t))−1(Σ(s, t)) : IdTra(s(pi∗Σ∗Γ(s,t))−1(Σ(s,t)) . (4.7)
Here s is the source map, mapping bigons to their source path. This definition seems complicated at
first glance. The point is that Tra2(pi∗Σ∗Γ(s, t))−1(Σ(s, t)) always lies in the same fiber as IdΣ(0,0).
Therefore we could in principle divide by IdΣ(0,0) instead. However if we did that, we would end up with
a gnh-valued form. Instead we divide by parallel transport of the source of pi∗Σ∗Γ(s, t) to get something
h-valued. This is precisely the same as dividing by IdΣ(0,0) and then applying the projection gn h→ h.
Figure 4.1: Canonical bigon Γ(s, t) in I2. Any two bigons in I2 with this source and target are
necessarily thinly homotopic since by dimensional reasons any homotopy of bigons is thin. A
simple parameterisation is given by Γ(s, t)(u, v) = (sv, tv
1−u
u ).
Theorem 4.2. The definition (4.7) of B does not depend on choice of Σ: I2 → P (fixing X,Y ∈ TP ), and
defines a differential form B ∈ Ω2(P, h) satisfying fake flatness t∗B = FA and the following equivariance
condition:
R∗gB = (α
−1
g )∗B, (4.8)
for any equivariant g : P0 → G, where (αg)∗ : h→ h is obtained by differentiating the G action on H.
Proof. This theorem is proved for trivial 2-bundles by Schreiber and Waldorf [SW11], see also [Par14].
This proof is rather technical, but does provide some insight. Since 2-bundles admit local trivializations
and the statement of the theorem is local, it only remains to show the equivariance condition. This is a
straightforward computation:
R∗gB(X,Y ) =
∂2
∂s∂t
∣∣∣∣
(0,0)
Tra2(pi∗Σ∗Γ(s, t))−1(Σ(s, t) · g(Σ(s, t)) : IdTra(s(pi∗Σ∗Γ(s,t))−1(Σ(s,t))·g(Σ(s,t))
=
∂2
∂s∂t
∣∣∣∣
(0,0)
Tra2(pi∗Σ∗Γ(s, t))−1(Σ(s, t)) · 1g(Σ(s,t)) :
[
IdTra(s(pi∗Σ∗Γ(s,t))−1(Σ(s,t)) ·1g(Σ(s,t))
]
=
∂2
∂s∂t
∣∣∣∣
(0,0)
1g(Σ(s,t))−1 ·
[
Tra2(pi∗Σ∗Γ(s, t))−1(Σ(s, t)) : IdTra(s(pi∗Σ∗Γ(s,t))−1(Σ(s,t))
] · 1g(Σ(s,t))
=
∂2
∂s∂t
∣∣∣∣
(0,0)
α−1g
[
Tra2(pi∗Σ∗Γ(s, t))−1(Σ(s, t)) : IdTra(s(pi∗Σ∗Γ(s,t))−1(Σ(s,t))
]
= (α−1g )∗B(X,Y ).
13
4.2 The parallel 2-transport of a 2-connection
Given a transport 2-functor, we now know how to obtain a principal bundle with 2-connection (A,B).
The main tool to understand how to obtain transport 2-functors from a 2-connection is the non-Abelian
Stokes Theorem. This theorem expresses the transport around a contractible loop as an integral of the
curvature over a disk bounding the loop.
Theorem 4.3 (non-Abelian Stokes). Let A be a connection on a principal G-bundle P , and let Γt be
a bigon. Let FA be the curvature of A, and let (∂s, ∂t) be the natural global frame on I
2. Then
Tra(Γ1)(p) : Tra(Γ0)(p) = P exp
∫ 1
0
ds
[∫ 1
0
dt Γ˜∗FA(∂s, ∂t)
]
, (4.9)
where Γ˜ : I2 → P is obtained by horizontally lifting Γs at p for each s individually, i.e.
Γ˜(s, t) = Tra(Γs,t)(p).
Proof. Let Γu denote the path Γ(u, ·), and let p ∈ Px = PΓ(·,0) be fixed. Then consider
f(s) = Tra(Γ0)(p) : Tra(Γs)(p).
This function satisfies
f(s+ u)f(s)−1 = Tra(Γs)(p) : Tra(Γs+u)(p).
Thus differentiating we get the following differential equation:
f ′(s) = −
[
∂
∂u
∣∣∣∣
u=0
Tra(Γs+u)(p) : Tra(Γs)(p)
]
· f(s). (4.10)
The solution of this differential equation is a path ordered exponential. Now we will introduce an
additional parameter. Let Γs,t denote the path τ 7→ Γ(s, tτ), and let
σu,s,t(τ) = Γ(u+ sτ, t).
Finally denote Γ˜(s, t) = Tra(Γs,t)(p). Then consider the parallel transport along the following loop (see
also figure 4.2)
Tra(Γs,t)
−1 ◦ Tra(σu,s,t)−1 ◦ Tra(Γu+s,t)(p) : p
= Tra(σu,s,t)
−1
(
Γ˜(s+ u, t)
)
: Γ˜(s, t).
Figure 4.2: Sketch of the loop used in the proof of the non-Abelian Stokes Theorem.
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For t = 0 this loop is constant, and for t = 1 this is f(s)−1f(s+ u). Therefore we deduce the equality
Tra(Γ0)(p) : Tra(Γ1)(p) = P exp
∫ 1
0
ds
[∫ 1
0
dt− ∂
2
∂u∂t
∣∣∣∣
(0,t)
(
Tra(σu,s,t)
−1
(
Γ˜(s+ u, t)
)
: Γ˜(s, t)
)]
.
To complete the proof we just need to equate the integrand with the curvature. We note that
∂2
∂u∂t
∣∣∣∣
(0,t)
(
Tra(σu,s,t)
−1
(
Γ˜(s+ u, t)
)
: Γ˜(s, t)
)
=
∂
∂t
A
(
∂
∂u
∣∣∣∣
0
Γ˜(s+ u, t)
)
=
(
LΓ˜∗∂tA
)(
Γ˜∗∂s
)
Using Cartan’s magic formula and A(Γ˜∗∂t) = 0 we obtain
= dA
(
Γ˜∗∂s, Γ˜∗∂t
)
.
For a vector field X let Xh and Xv denote the horizontal and vertical part of X respectively, with respect
to the connection A. Then recall that the curvature of A is given by
F (X,Y ) = dA(Xh, Y h).
Since Γ∗∂t is horizontal, we are done if we show that
dA(Γ˜∗∂sv, Γ˜∗∂t) = 0.
This is a simple computation,
dA(Γ˜∗∂sv, Γ˜∗∂t) = Γ˜∗∂svA(Γ˜∗∂t)− Γ˜∗∂tA(Γ˜∗∂sv)−A([Γ˜∗∂sv, Γ˜∗∂t]).
The first term is zero because Γ˜∗∂t is horizontal. The second term is zero because Γ˜∗∂t is horizontal
and A(Γ˜∗∂sv) is vertical and hence live in complementary subspaces of TP . Finally the last term is zero
because the flows of Γ˜∗∂t and Γ˜∗∂sv commute (and hence their Lie bracket vanishes).
We will now use the non-Abelian Stokes Theorem to derive a formula for 2-transport. The 2-transport
should assign to a bigon Γs : x→ y a 2-morphism of G-torsors Tra(Γ0)⇒ Tra(Γ1). Recall by lemma 2.11
that for p ∈ Px we should therefore obtain an element of H such that
t
(
Tra2H(p) : IdTra(Γ0)(p)
)
= Tra1(Γ1)(p) : Tra
1(Γ0)(p). (4.11)
The right hand side of this equation appears in the non-Abelian Stokes Theorem. Now note that the
right hand side of the non-Abelian Stokes Theorem has a natural preimage in H; we can simply replace
F by B. Therefore we can define 2-transport by:
Tra2(Γ)(p) = IdTra1(Γ0)(p) · P exp
∫ 1
0
ds
[∫ 1
0
dt
(
Γ˜∗sB(∂s, ∂t)
)]
. (4.12)
This definition satisfies the equivariance condition of lemma 2.11 as well:
Tra2(Γ)(p · g) = IdTra1(Γ0)(p·g) · P exp
∫ 1
0
ds
[∫ 1
0
dt
(
Γ˜∗sR
∗
gB(∂s, ∂t)
)]
= IdTra1(Γ0)(p·g) · P exp
∫ 1
0
ds
[∫ 1
0
dt (α−1g )∗
(
Γ˜∗sB(∂s, ∂t)
)]
= IdTra1(Γ0)(p·g) · α−1g
(
P exp
∫ 1
0
ds
[∫ 1
0
dt
(
Γ˜∗sB(∂s, ∂t)
)])
.
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This expressions defines a transport 2-functor (cf. def. 2.16). This is shown in [SW11] for trivial
bundles, and extended in [Voo18] for non-trivial bundles. The compatibility with vertical and horizon-
tal composition is a relatively simple computation. The most involved part is proving thin-homotopy
invariance. Thin homotopy invariance follows from the higher non-Abelian Stokes theorem 5.2, however
the proof of this theorem uses the vertical and horizontal composition rules for bigons. Therefore we
could fix some particular way of parameterizing horizontal and vertical composition of bigons, then prove
the higher non-Abelian Stokes theorem and use it to conclude that the result is independent of this
parameterization. In summary, we have:
Theorem 4.4. Equation (4.12) defines a 2-transport functor.
4.3 Equivalence on the level of morphisms
Now we know how to obtain a principal 2-bundle with 2-connection from a transport 2-functor and visa
versa. We want to upgrade this to an equivalence of 2-categories. We do this by constructing two 2-
functors. We will put more emphasis on the 2-functor taking transport 2-functors to principal 2-bundles
with 2-connection, since the main objective of this paper is to justify our definition of principal 2-bundles
with 2-connection.
Let F ,G be two transport 2-functors, respectively defining a principal G-2 bundle with 2-connection
(P, A,B), (P ′, A′, B′). Given a 1-morphism ρ : F → G , we in particular obtain for each x ∈ M a 1-
morphism of G-torsors ρ(x) : F (x)→ G (x). This defines a bundle map : P → P ′. Then furthermore we
obtain a 2-morphism ρ(γ) of G-torsors for each path γ : x→ y in M , fitting in a diagram
Px Py
P ′x P ′y
TraAγ
F Fρ(γ)
TraA
′
γ
(4.13)
Now giving a path γ in P , we define:
φ(γ′(0)) = − d
dt
∣∣∣∣
t=0
ρ(pi∗γt)(γ(0)) : F
(
TraAγ (γ(0))
)
. (4.14)
Compare this to equation (4.4) defining the connection. We claim the pair (F, φ) defines a 1-morphism
(P, A,B) → (P ′, A′, B′). Conversely given a 1-morphism (F, φ) : (P, A,B) → (P ′, A′, B′) we obtain a
1-morphism of G-torsors F (x) : Px → P ′x, and for every path γ : x→ y in M and p ∈ Px,0 we obtain
ρ(γ)(p) : IdF (Traγ(p)) = P exp
∫ 1
0
dt φ(γ˜′(t)), (4.15)
where γ˜ is the horizontal lift of γ starting at p, and we claim F, ρ defines a 1-morphism of the transport
2-functors associated to (P, A,B) and (P ′, A′, B′).
Lemma 4.5. The pair (F, φ) where φ is defined by (4.14) defines a 1-morphism of principal 2-bundles
with 2-connection, i.e. φ ∈ Ω2(P0, h) satisfying R∗gφ = (α−1g )∗ for all equivariant g : P0 → G and
F ∗A′ = A+ t∗φ, (4.16)
F ∗B′ = B + dφ+
1
2
[φ ∧ φ] + [A ∧ φ]. (4.17)
Conversely ρ defined by (4.15) defines a 1-morphism of transport 2-functors, i.e. it satisfies relations
(2.25) and (2.26).
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Proof. Let ρ be a 1-morphism of transport 2-functors. In particular we obtain equivariant maps ρ(x) : F (x)→
G (x) for all x ∈ M . By smoothness and lemma 2.9 this is precisely a bundle map F : P0 → P ′0. The
further conditions (eq. (2.24)–(2.26)) give compatibility with transport.
For any γ : x→ y we have a 2-morphism:
Px Py
P ′x P ′y
TraAγ
F Fρ(γ)
TraA
′
γ
(4.18)
Using lemma 2.11 we thus get a map ρH(γ) : (P0)x → H for each γ. Recall that a 1-form φ ∈ Ω1(P0, h)
is the same as a transport functor Πthin1 (P0)→ H. Thus if ρH is functorial with respect to composition
of paths, we can differentiate to extract a 1-form φ. One can check that ρH is not functorial, but we can
modify it to be functorial. To understand how to do this, let us consider the compatibility axiom of ρ
with path composition given by equation (2.25). Let γ : x→ y and γ′ : y → z, then we have:
Px Py Pz
P ′x P ′y P ′z
TraAγ
F F
TraA
γ′
ρ(γ) Fρ(γ′)
TraA
′
γ Tra
A′
γ′
=
Px Pz
P ′x P ′z
TraA
γ′γ
F Fρ(γ′γ)
TraA
′
γ′γ
(4.19)
Let p ∈ Px,0 then this means
ρ(γ′γ)(p) = Traγ′(ρ(γ)(p)) ◦ ρ(γ′)(Traγ(p)) (4.20)
=
(
1Traγ′ ◦F◦Traγ(p) · ρ(γ)(p) : 1F◦Traγ(p)
)
◦ ρ(γ′)(Traγ(p)) (4.21)
Here we used lemma 2.9 to compute the first factor on the right hand side. We can divide by the source
on both sides and use equation (2.3) to get
ρ(γ′γ)(p) : 1F◦Traγ′γ(p) =
(
1Traγ′ ◦F◦Traγ(p) · ρ(γ)(p) : 1F◦Traγ(p)
)
: 1F◦Traγ′γ(p) ◦ (4.22)
◦ ρ(γ′)(Traγ(p)) : 1F◦Traγ′γ(p) (4.23)
The first term on the right hand side can be rewritten to
1Traγ′ F Traγ(p):F Traγ′γ(p) ·
(
ρ(γ)(p) : 1F◦Traγ(p)
)
= 1
t
(
ρ(γ′)(Traγ(p)):1F◦Tra
γ′γ (p)
) · (ρ(γ)(p) : 1F◦Traγ(p)) .
Using the definition of composition in 2-groups in terms of crossed modules we note that for h, h′ ∈ H:
1t(h)h
′ ◦ h = h′ · h. (4.24)
Using this fact we finally obtain
ρH(γ
′γ)(p) = ρH(γ)(p) · ρH(γ′)(Traγ(p)). (4.25)
Compare this relation to Lemma 2.12. There are several things to note about this relation. First of all
the order of γ and γ′ is inverted between left and right hand side, therefore to get something functorial
we should use ρH(γ)
−1 instead. Since ρ(γ) takes values on the principal bundle, it’s more natural to
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work with paths on P. Let pi : P → M be the projection, and let γ : p → q, then we should consider
ρ(pi∗γ)(p)−1. Suppose γ : p→ q and γ′ : q → r, then note that in the second factor of the right hand side
we have Traγ(p) as argument, whereas we expect q as argument for ρH(γ
′). To remedy this, we instead
consider something GnH-valued, with Trapi∗γ(p) : q in the G factor. We define for γ : p→ q:
ρGnH(γ) = (q : Trapi∗γ(p), ρH(pi∗γ)(p))
−1
=
(
Trapi∗γ(p) : q, ρH(pi∗γ)
(
Tra−1pi∗γ(q)
))
. (4.26)
Where we used the fact that αg−1ρH(γ)(p) = ρH(γ)(p · g) by lemma 2.11. Now we check that this is
functorial:
ρGnH(γ
′)ρGnH(γ) = (r : Trapi∗γ′(q), ρH(pi∗γ
′)(q))−1 (q : Trapi∗γ(p), ρH(pi∗γ)(p))
−1
=
(
(r : Trapi∗γ′(q)) · (q : Trapi∗γ(p)), ρH(pi∗γ)(p) · αq:Trapi∗γ(p)ρH(pi∗γ′)(q)
)−1
=
(
r : Trapi∗γ′γ(q), ρH(pi∗γ)(p)ρH(pi∗γ
′)(Trapi∗γ(p))
)−1
= ρGnH(γ
′γ).
Therefore ρGnH defines a (smooth) functor Πthin1 (P0) → B(GnH). Thus ρGnH can be equivalently
described by a 1-form ψ ∈ Ω1(P0, g n h). Such a form is determined by its g-valued component and its
h-valued component. Recall that
A(γ′(0)) =
d
dt
∣∣∣∣
t=0
Tra−1pi∗γt(γ(t)) : γ(0) =
d
dt
∣∣∣∣
t=0
γ(t) : Trapi∗γt(γ(0)).
Therefore the g component of ψ is just the connection A. The h component is the form φ ∈ Ω1(P0, h)
needed for this theorem:
φ(γ′(0)) := − d
dt
∣∣∣∣
t=0
ρH(pi∗γt)(γ(0)). (4.27)
The sign of φ is purely convention, and is chosen to give a nicer formula for the gauge transform of B.
The point of the computation so far is that we can also go back: given a form φ ∈ Ω1(P0, h) we can
construct a 1-morphism of transport functors, where the natural transformation ρ(γ) is obtained for each
γ by taking a path-ordered exponential of φ. Moreover this ρ(γ) is compatible with composition of paths
in the sense of relation (2.25). Hence ρ(γ) defines a 1-morphism of transport 2-functors if we also confirm
equation 2.26.
The next step is to prove in which way (F, φ) transforms the connection (A,B). This is achieved by
differentiating relation (4.18) defining t(ρH(γ)(p)):
F (TraA(γ)(p)) · t(ρH(γ)(p)) = TraA′(γ)(F (p)). (4.28)
Equivalently dividing by F (q) = F (γ(1)) we get
(TraA(γ)(p) : q) · t(ρH(γ)(p)) = TraA′(γ)(F (p)) : F (q). (4.29)
Then replacing γ by γt and differentiating we get
−A− t∗φ = −F ∗A′. (4.30)
Conversely any φ satisfying this relation will define a natural transformation ρ(γ) : F ◦ TraA(γ) →
TraA′(γ) ◦ F . Finally we will show that the claimed relation between B and B′ is equivalent to the
compatibility of ρ(γ) with 2-morphisms as in (2.26). That is, for any bigon Σ: γ ⇒ γ′ we have the
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following relation:
Px Py
P ′x P ′y
TraAγ
F Fρ(γ)
TraA
′
γ
TraA
′
γ′
Tra2
(A′,B′) Σ
=
Px Py
P ′x P ′y.
TraA
γ′
F
TraAγ
Tra2(A,B) Σ
Fρ(γ
′)
TraA
′
γ′
(4.31)
In equations this equality is
Tra2(A′,B′) Σ(F (p)) ◦ ρ(γ)(p) = ρ(γ′)(p) ◦ F
(
Tra2(A,B) Σ(p)
)
= ρ(γ′)(p) ◦ 1F◦TraA γ(p) · Tra2(A,B) Σ(p) : 1TraA γ(p)
(4.32)
Then dividing both sides by the source 1F TraAγ (p) we obtain for the left side:(
Tra2(A′,B′) Σ(F (p)) ◦ ρ(γ)(p)
)
: 1F TraAγ (p)
=
(
Tra2(A′,B′) Σ(F (p)) : 1F TraAγ (p)
)
◦ ρH(γ)(p)
=
(
1TraA′γ (F (p)):F TraAγ (p)
·
(
Tra2(A′,B′) Σ(F (p)) : 1TraA′γ (F (p))
))
◦ ρH(γ)(p)
=
(
Tra2(A′,B′) Σ(F (p)) : 1TraA′γ (F (p))
)
· ρH(γ)(p),
where in the last step we used the relation (4.24). Note that the first term on the last line lies in H. Using
the same trick we obtain a similar expression for the right hand side of (4.32). Putting this together
gives: (
Tra2(A′,B′) Σ(F (p)) : 1TraA′γ (F (p))
)
· ρH(γ)(p) = ρH(γ′)(p) ·
(
Tra2(A,B) Σ(p) : 1TraAγ (p)
)
. (4.33)
To shorten notation let us denote
hΣ :=
(
Tra2(A,B) pi∗Σ(p) : 1TraApi∗γ(p)
)
, h′Σ =
(
Tra2(A′,B′) pi∗Σ(F (p)) : 1TraA′pi∗γ(F (p))
)
. (4.34)
Furthermore let us also denote:
gγ := Tra
A
pi∗γ(γ(0)) : γ(1). (4.35)
Then finally let us denote
ρ̂H(γ) = ρH(pi∗γ)(γ(0)). (4.36)
In this notation the functoriality of ρH (cf. eq. (4.25)) can be written as:
ρ̂H(γ
′γ) = ρ̂H(γ)αg−1γ ρ̂H(γ
′). (4.37)
Let Σ be a smooth map I2 → P , and consider the bigon Σ∗Γ(s, t), with Γ(s, t) as in figure 4.1. Then
denote the four boundary paths of this bigon by γE , γN , γW , γS (for East, North, West and South) as
sketched in figure 4.3. Then equation (4.33) gives
ρ̂H(γEγS) · hΣ∗Γ(s,t) = h′Σ∗Γ(s,t) · ρ̂H(γNγW ). (4.38)
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Figure 4.3: The source an target of the bigon Σ∗Γ(s, t) can be naturally split in two, and we
label the four resulting paths by the cardinal directions.
Using the functoriality (4.37) for ρH we can write this as
ρ̂H(γS)α
(
g(γS)
−1, ρ̂H(γE)
)
hΣ∗Γ(s,t) = h
′
Σ∗Γ(s,t)ρ̂H(γW )α
(
g(γW )
−1, ρ̂H(γN )
)
. (4.39)
Let us refer to the left hand side and right hand side of (4.39) as LHS and RHS respectively. We wish
to compute the second derivative of both sides at the origin. Let X = Σ∗∂s and Y = Σ∗∂t, then by
equation (4.27) we have:
∂
∂s
∣∣∣∣
0
ρ̂H(γS) = −φΣ(0,0)(X), ∂
∂s
∣∣∣∣
0
ρ̂H(γN ) = −φΣ(0,t)(X),
∂
∂t
∣∣∣∣
0
ρ̂H(γW ) = −φΣ(0,0)(Y ), ∂
∂t
∣∣∣∣
0
ρ̂H(γE) = −φΣ(s,0)(Y ),
∂
∂s
∣∣∣∣
0
g(γS)
−1 = AΣ(0,0)(X),
∂
∂t
∣∣∣∣
0
g(γW )
−1 = AΣ(0,0)(Y ).
Let us begin with the left hand side, and compute first the derivative with respect to s.
∂LHS
∂s
=
∂ρ̂H(γS)
∂s
α
(
g(γS)
−1, ρ̂H(γE)
)
hΣ∗Γ(s,t)
+ ρ̂H(γS)
(
α
(
∂g(γS)
−1
∂s
, ρ̂H(γE)
)
+ α
(
g(γS)
−1,
∂ρ̂H(γE)
∂s
))
hΣ∗Γ(s,t)
+ ρ̂H(γS)α
(
g(γS)
−1, ρ̂H(γE)
) ∂hΣ∗Γ(s,t)
∂s
.
Consequently we can take the second derivative at 0.
∂2LHS
∂s∂t
∣∣∣∣
(0,0)
= −φ(X)φ(Y )− α∗(A(X), φ(Y ))− ∂φ(Y )
∂s
−B(X,Y ). (4.40)
Here we used the definition of A, B and φ in terms of parallel transport. We will now compute the first
derivative of the right hand side:
∂RHS
∂s
=
∂h′Σ∗Γ(s,t)
∂s
ρ̂H(γW )α
(
g(γW )
−1, ρ̂H(γN )
)
+ h′Σ∗Γ(s,t)
∂ρ̂H(γW )
∂s
α
(
g(γW )
−1, ρ̂H(γN )
)
+ h′Σ∗Γ(s,t)ρ̂H(γW )
(
α
(
∂g(γW )
−1
∂s
, ρ̂H(γN )
)
+ α
(
g(γW )
−1,
∂ρ̂H(γN )
∂s
))
.
Now let us compute the second derivative:
∂2RHS
∂s∂t
∣∣∣∣
(0,0)
= −F ∗B′(X,Y )− ∂φ(X)
∂t
− φ(Y )φ(X)− α∗(A(Y ), φ(X)). (4.41)
Now combining the two this gives:
F ∗B′(X,Y ) = B(X,Y ) +
(
∂φ(Y )
∂s
− ∂φ(X)
∂t
)
+ (φ(X)φ(Y )− φ(Y )φ(X)) +
+ (α∗(A(X), φ(Y ))− α∗(A(Y ), φ(X))) .
(4.42)
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Recall equation (2.1) defining the Lie bracket of g n h, using this we identify the last term with
[A ∧ φ](X,Y ). Since this holds for all smooth Γ : I2 → P we conclude
F ∗B′ = B + dφ+
1
2
[φ, φ] +
1
2
[A ∧ φ].
Thus we have shown that given a 1-morphism of transport 2-functors we naturally obtain a 1-morphism
of the corresponding principal G-2-bundle with 2-connection, i.e. we constructed the action of a 2-
functor Trans2(M,G)→ Bun2∇(M,G) on the 1-morphisms. We also showed that through an integration
procedure we obtain a 2-functor in the opposite direction, except for showing that equation (2.26) holds.
We claim that the arguments provided in [SW11] can be adapted with only minor changes to show
this.
Let F and G be transport 2-functors Πthin2 (M)→ G-tor corresponding to principal G-2-bundles with
connection (P, A,B) and (P ′, A′, B′) respectively. Consider a 2-morphism
F G
ρ
ρ′
A ↔ (P, A,B) (P ′, A′, B′)
(F,φ)
(F ′,φ′)
a (4.43)
Such a 2-morphism A : ρ → ρ′ (cf. lem. 2.11) can be equivalently described by a G-equivariant map
a : P0 → H (i.e. a(p · g) = αg−1a(p)). such that
φ′ = Ada φ−Ra−1 ◦ (αa)∗A+ daa−1, (4.44)
where (αa)∗ : g→ h is obtained from α : G×H → H by fixing the second coordinate and differentiating.
Lemma 4.6. If A : ρ → ρ′ is a 2-morphism of transport 2-functors, such that ρ and ρ′ correspond to
(F, φ) (F ′, φ′) by lemma 4.5 then a : P0 → H satisfies
φ′ = Ada φ−Ra−1 ◦ (αa)∗A+ daa−1, (4.45)
and hence defines a 2-morphism of principal 2-bundles with 2-connection. Conversely if a satisfies (4.45)
then A is a 2-morphism of transport 2-functors.
Proof. Recall from definition 2.18 that A assigns to each x ∈M a natural transformation Fx → Gx, that
is for each p ∈ P0,x:
A(x)(p) : F (p)→ G (p).
By Lemma 2.11 A is equivalent to the equivariant map:
a : P0 → H, a(p) = A(pi(p))(p) : 1F(p). (4.46)
For any γ : x→ y we then have the following relation (cf. eq. (2.30)):
Px Py
P ′x P ′y
TraAγ
G F
A(x)
Fρ(γ)
TraA
′
γ
=
Px Py
P ′x P ′y
TraAγ
G G F
A(y)
ρ′(γ)
TraA
′
γ
(4.47)
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Writing this out we obtain for p ∈ Px,0:(
TraA
′
γ ◦A(x)
)
◦ ρ(γ)(p) = ρ′(γ) ◦ A(y)(TraAγ (p)). (4.48)
To obtain a more useful equation we will divide both sides by 1F◦TraAγ (p) and simplify the resulting
expression. For the left hand side we obtain:
1TraA′γ (F(p)):F◦TraAγ (p) · a(p) ◦ ρH(γ)(p) = a(p) · ρH(γ)(p).
For the right hand side we obtain:
ρ′(γ)(p) : 1F◦TraAγ (p) ◦ a(TraAγ (p)) = ρ′H(γ)(p) · 1G◦TraAγ (p):F◦TraAγ (p) ◦ a(TraAγ (p))
= ρ′H(γ)(p) · a(TraAγ (p)).
If instead we consider a path γt : p→ γ(t), then this gives equality:
α(g(γt)
−1, ρ′H(pi∗γt)(p)) = α
(
g(γt)
−1, a(p) · ρH(pi∗γt)(p)
)
a(γ(t))−1, (4.49)
where gγ is defined in the proof of the previous theorem (eq. (4.35)). The equation is arranged in this
way such that both sides are 1 at t = 0. Differentiating this equation at 0 gives:
φ′ = Ada φ− ra−1(αa)∗A+ daa−1, (4.50)
w hich is exactly what we wanted to prove. We naturally constructed a 2-morphism of principal G-2-
bundles with 2-connection out of a 2-morphism of transport 2-functors. That is, we have a 2-functor
Trans2(M,G) → Bun2∇(M,G). To construct a 2-functor in the opposite direction we again claim that
the arguments provided in [SW11] can be adapted with only minor changes.
Lemmas 4.5 and 4.6 now show that the equivalence Bun1∇(M,G) ∼= Trans1(M,G) of theorem 4.1
extends to 2-functors Trans2(M,G) → Bun2∇(M,G) and Bun2∇(M,G) → Trans2(M,G). Since these
functors are inverse to each other on the level of 1- and 2-morphisms, this gives an equivalence of 2-
categories.
Theorem 4.7. There is an equivalence of 2-categories Trans2(M,G)→ Bun2∇(M,G).
This can likely be upgraded to an equivalence of (2-)stacks Trans2(G) → Bun2∇(G), however we do
not know how to prove this. Furthermore one can try replacing the strict 2-groupoid Πthin2 (M) with a
weak version (by not identifying thinly homotopic paths), and with some modifications this should give a
weaker notion of parallel 2-transport. One can also make the notion of G-torsor weaker by posing that the
functor (pi1×R) : X ×G→ X ×X is an equivalence (and not invertible on the nose). This is investigated
in [Wal16, Wal17]. Both these modifications are more difficult to understand because then there is no
transport functor underlying a 2-transport functor, or equivalently a principal 2-bundle does not have an
associated principal bundle. One can also change the target category entirely, and use a notion of local
trivializations of 2-functors as in [SW13]. It is likely that our notion of 2-transport functor coincides
with that of [SW13], if we specify the target category to be G-tor. Finally one can also try to adapt the
definition of a 2-bundle to suit weak 2-groups.
5 Curvature and higher non-Abelian Stokes
We report a result obtained by the author in [Voo18]. Given the importance of the non-Abelian Stokes
Theorem one can ask if there is a higher version of this. This is not a new result, and can be found for
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instance in [JFM10, MP08, AFG97] in different context. Our result is essentially a corollary to lemma
2.16 in [SW11], suitably adapted to this setting. In this framework it allows us to prove a higher version of
the Ambrose Singer theorem, and the non-Abelian Stokes Theorem is essential in generalizing 2-transport
to n-transport.
Definition 5.1. The curvature K˜ ∈ Ω3(P, h) of a 2-connection (A,B) on a principal G-2-bundle P is
given by
K˜ = dB +
1
2
[A ∧B]. (5.1)
Alternatively, denoting h : TP0 → TP0 the projection onto kerA ⊂ TP0, it is given by K˜ = dB ◦ h.
Note that t∗K˜ = dF + 12 [A∧ F ] = 0 by the Bianchi identity, therefore K˜ takes values in ker t∗. Since
ker t∗ is an Abelian Lie algebra, K˜ is in fact basic. That is, there is a form K ∈ Ω3(M, ker t∗) such that
K˜ = pi∗K. The higher non-Abelian Stokes Theorem then simply states that the difference between the
2-transport over two homotpic bigons is given by an integral over K.
Theorem 5.2 (higher non-Abelian Stokes). Let h : I3 → M be a homotopy h0 V h1 of bigons and
let p ∈ Px then
Tra2(h1)(p) : Tra
2(h0)(p) = exp
∫
I3
−h∗K (5.2)
We remark that Tra2(hi)(p) both share the same source and target, therefore the left hand side indeed
lands in ker t. Furthermore the right hand side involves an ordinary integral instead of a path ordered
exponential, this is because K is Abelian. The proof proceeds similarly to our proof of the ‘classical’
non-Abelian Stokes theorem 4.3. Most of the work in this proof involves translating the proof of lemma
2.16 in [SW11] to our setting.
Proof. Let hu denote the bigon h(u, ·, ·). Then we define:
f(ρ) = Tra2(h0)(p) : Tra
2(hρ)(p).
This function satisfies
f(ρ+ r)f(ρ)−1 = Tra2(hρ)(p) : Tra2(hρ+r)(p).
And hence we obtain the differential equation
f ′(ρ) =
[
∂
∂r
∣∣∣∣
0
Tra2(hρ)(p) : Tra
2(hρ+r)(p)
]
· f(ρ).
Since the factors involved are abelian, we have
f(1)−1 = exp
∫ 1
0
dρ − ∂
∂r
∣∣∣∣
0
Tra2(hρ)(p) : Tra
2(hρ+r)(p).
The idea is now to add two more parameters, and take the holonomy around a small cube. Consider
the cube drawn in figure 5.1. We associate a bigon to all the faces of the cube as shown in figure 5.2.
The two halves of the cube shown in figure 5.2 both represent a single bigon between the same paths.
Let us call these bigons respectively L(ρ, r, σ, s, t), R(ρ, r, σ, s, t). Note that L(ρ, r, 0, 1, 1) = hρ+r and
R(ρ, r, 0, 1, 1) = hρ.
For any bigon Σ : γ ⇒ γ′ we denote
Tra2H(Σ, p) = Tra
2(Σ)(p) : IdTra1(γ)(p) ∈ H. (5.3)
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Figure 5.1: Diagram of the image of a cube in I3 under a map h : I3 →M . The paths forming
the edges of the cube are labeled. The boundary of the cube is split into two bigons, the source
and target of which are indicated by blue and red on the diagram.
Figure 5.2: The two bigons forming the boundary of the cube in figure 5.1, each the composition
of three bigons given by the faces of the cube.
This notation comes from lemma 2.11, and we refer to lemma 2.12 for its vertical and horizontal compo-
sition rules. We are now interested in
uρ,σ,0(r, s, t) := Tra
2(L(ρ, r, σ, s, t))(p) : Tra2(R(ρ, r, σ, s, t))(p) (5.4)
= Tra2H(L, p) Tra
2
H(R, p) (5.5)
= Tra2H(Σ
r,t
ρ,σ+s,0, p) Tra
2
H(Σ
s,t
ρ+r,σ,0, p)
−1 Tra2H(Σ
r,t
ρ,σ,0)
−1 (5.6)
· Tra2H(Σr,sρ,σ,t,Tra1(γtρ,σ,0)(p))−1 Tra2H(Σs,tρ,σ,0, p). (5.7)
We will need the following two properties of this function:
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Lemma 5.3. The function uρ,σ,0(r, s, t) satisfies:
∂
∂s
∣∣∣∣
0
uρ,σ,0(r, s, 1) =
∂
∂σ
uρ,0,0(r, σ, 1), (5.8)
∂3
∂r∂s∂t
∣∣∣∣
0,0,0
uρ,σ,0(r, s, τ + t) = h˜
∗K˜ρ,σ,τ , (5.9)
where h˜(ρ, σ, τ) = Tra1(γτρ,σ,0)(p).
Assuming this lemma we prove the theorem:
f(1)−1 = exp
∫ 1
0
dρ − ∂
∂r
∣∣∣∣
0
uρ,0,0(r, 1, 1)
= exp
∫ 1
0
dρ
∫ 1
0
dσ − ∂
∂r
∣∣∣∣
0
∂
∂σ
uρ,0,0(r, σ, 1)
= exp
∫ 1
0
dρ
∫ 1
0
dσ − ∂
2
∂r∂s
∣∣∣∣
0,0
uρ,σ,0(r, s, 1)
= exp
∫ 1
0
dρ
∫ 1
0
dσ
∫ 1
0
dτ − ∂
3
∂r∂s∂t
∣∣∣∣
0,0,0
uρ,σ,0(r, s, τ + t)
= exp
∫ 1
0
dρ
∫ 1
0
dσ
∫ 1
0
dτ − h˜∗K˜ = exp
∫
I3
−h∗K.
Proof of lemma 5.3. We first prove equation (5.8). We compute:
uρ,σ,0(r, s, 1) = Tra
2
H(Σ
r,1
ρ,σ+s,0, p) Tra
2
H(Σ
s,1
ρ+r,σ,0, p)
−1 Tra2H(Σ
r,1
ρ,σ,0)
−1
· Tra2H(Σr,sρ,σ,1,Tra1(γ1ρ,σ,0)(p))−1 Tra2H(Σs,1ρ,σ,0, p).
Note that Σr,sρ,σ,1 is Idh(−,−,1), and hence does not contribute. Taking the derivative with respect to s we
obtain:
∂
∂s
∣∣∣∣
0
uρ,σ,0(r, s, 1) =
∂
∂s
∣∣∣∣
0
Tra2H(Σ
r,1
ρ,σ+s,0, p) Tra
2
H(Σ
s,1
ρ+r,σ,0, p)
−1 Tra2H(Σ
s,1
ρ,σ,0, p).
On the other hand we compute:
uρ,0,0(r, σ + s, 1) = Tra
2
H(Σ
r,1
ρ,σ+s,0, p) Tra
2
H(Σ
σ+s,1
ρ+r,0,0, p)
−1 Tra2H(Σ
r,1
ρ,0,0)
−1
· Tra2H(Σr,σ+sρ,0,1 ,Tra1(γ1ρ,0,0)(p))−1 Tra2H(Σσ+s,1ρ,0,0 , p).
Again we note that Σr,σ+sρ,0,1 = Idh(−,−,1), and furthermore we decompose Σ
σ+s,1
ρ,0,0 = Σ
s,1
ρ,σ,0 • Σσ,1ρ,0,0, and
note that the right factor is independent of s. Now taking the derivative with respect to s, we obtain:
∂
∂s
∣∣∣∣
0
uρ,0,0(r, σ + s, 1) =
∂
∂s
∣∣∣∣
0
Tra2H(Σ
r,1
ρ,σ+s,0, p) Tra
2
H(Σ
s,1
ρ+r,σ,0, p)
−1 Tra2H(Σ
s,1
ρ,σ,0, p).
Which confirms equation (5.8). To prove equation (5.9) we first compute uρ,σ,0(r, s, τ + t) and decompose
all the bigons involving t+ τ into two pieces:
Tra2H(Σ
r,τ+t
ρ,σ+s,0, p) = Tra
2
H(Σ
r,τ
ρ,σ+s,0, p) Tra
2
H(Σ
r,t
ρ,σ+s,τ ,Tra
1(γτρ,σ+s,0)(p)), (5.10)
Tra2H(Σ
r,τ+t
ρ,σ,0 , p)
−1 = Tra2H(Σ
r,t
ρ,σ,τ ,Tra
1(γτρ,σ,0)(p))
−1 Tra2H(Σ
r,τ
ρ,σ,0, p)
−1, (5.11)
Tra2H(Σ
s,τ+t
ρ,σ,0 , p) = Tra
2
H(Σ
s,τ
ρ,σ,0, p) Tra
2
H(Σ
s,t
ρ,σ,τ ,Tra
1(γτρ,σ,0)(p)), (5.12)
Tra2H(Σ
s,τ+t
ρ+r,σ,0, p)
−1= Tra2H(Σ
s,t
ρ+r,σ,τ ,Tra
1(γτρ+r,σ,0)(p))
−1 Tra2H(Σ
s,τ
ρ+r,σ,0, p)
−1. (5.13)
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Thus we obtain:
uρ,σ,0(r, s, τ + t) = Tra
2
H(Σ
r,τ
ρ,σ+s,0, p) Tra
2
H(Σ
r,t
ρ,σ+s,τ ,Tra
1(γτρ,σ+s,0)(p))
· Tra2H(Σs,tρ+r,σ,τ ,Tra1(γτρ+r,σ,0)(p))−1 Tra2H(Σs,τρ+r,σ,0, p)−1
· Tra2H(Σr,tρ,σ,τ ,Tra1(γτρ,σ,0)(p))−1 Tra2H(Σr,τρ,σ,0, p)−1
· Tra2H(Σr,sρ,σ,t+τ ,Tra1(γt+τρ,σ,0)(p))−1
· Tra2H(Σs,τρ,σ,0, p) Tra2H(Σs,tρ,σ,τ ,Tra1(γτρ,σ,0)(p)).
To compute the third partial derivative of this expression we first note that for example,
1 = Tra2H((Σ
s,t
ρ,σ,0)
−1 ◦ Σs,tρ,σ,0, p) = Tra2H((Σs,tρ,σ,0)−1, h˜(ρ, σ + s, t)) Tra2H(Σs,tρ,σ,0, p). (5.14)
Therefore per definition of B (cf. eq. (4.7)) we have
∂2
∂s∂t
∣∣∣∣
0,0
Tra2H(Σ
s,t
ρ,σ,0, p) = −Bh˜(ρ,σ,0)(h˜∗∂s, h˜∗∂t). (5.15)
Using this we obtain
∂3
∂r∂s∂t
∣∣∣∣
0,0,0
Tra2H(Σ
r,t
ρ,σ+s,τ ,Tra
1(γτρ,σ+s,0)(p)) =
∂
∂s
∣∣∣∣
0
−Bh˜(ρ,σ+s,τ)(h˜∗∂r, h˜∗∂t)
= −L∂s(h˜∗B)(ρ,σ,τ)(∂r, ∂t).
Identifying three similar terms we together obtain (h˜∗dB)(ρ,σ,τ)(∂r, ∂s, ∂t). Now there are two more
terms contributing to the derivative. Consider
∂3
∂r∂s∂t
∣∣∣∣
0,0,0
Tra2H(Σ
r,τ
ρ,σ+s,0, p) Tra
2
H(Σ
s,t
ρ+r,σ,τ ,Tra
1(γτρ+r,σ,0)(p))
−1 Tra2H(Σ
r,τ
ρ,σ,0, p)
−1 (5.16)
=
∂3
∂r∂s∂t
∣∣∣∣
0,0,0
α
(
t(Tra2H(Σ
r,τ
ρ,σ,0, p)), Tra
2
H(Σ
s,t
ρ,σ,τ ,Tra
1(γτρ,σ,0)(p))
−1) (5.17)
=
∂3
∂r∂s∂t
∣∣∣∣
0,0,0
α
(
h˜(ρ+ r, σ, τ) : Tra(γrρ,σ,τ )(h˜(ρ, σ, τ)), Tra
2
H(Σ
s,t
ρ,σ,τ ,Tra
1(γτρ,σ,0)(p))
−1
)
(5.18)
= α∗(A(ρ,σ,τ)(h˜∗∂r), B(ρ,σ,τ)(h˜∗∂s, h˜∗∂t)). (5.19)
Similarly we also obtain a factor
−α∗(A(ρ,σ,τ)(h˜∗∂s), B(ρ,σ,τ)(h˜∗∂r, h˜∗∂t)),
and we note that h˜∗∂t is a horizontal vector field, and is thus annihilated by A, meaning these two factors
sum up to
α∗(h˜∗A, h˜∗B)(∂r, ∂s, ∂t) =
1
2
[h˜∗A, h˜∗B](∂r, ∂s, ∂t).
Together with the h˜∗dB factor, we obtain equation (5.9).
Corollary 5.4. The 2-transport of a 2-connection (A,B) as defined by equation (4.12) is thin-homotopy
invariant. That is, if Σ,Σ′ are thinly homotopic then
Tra2(Σ) = Tra2(Σ′).
Proof. Let h : Σ V Σ′ be a rank 2 homotopy of bigons. Then h∗K = 0, since K is a rank 3 differential
form. Hence
Tra2(Σ)(p) Tra2(Σ′)(p) = exp
∫
I3
−h∗K = 1.
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5.1 An Ambrose-Singer Theorem
Recall the classical Ambrose-Singer theorem [KN63].
Theorem 5.5 (Ambrose-Singer). Let P →M be a principal G-bundle with connection A, and let p ∈ Px.
Recall the definition of the holonomy group:
Holp =
{
Traγ(p) : p
∣∣ γ ∈ Πthin1 (M,x)} . (5.20)
Concatenation of paths defines a group operation. The Lie algebra holp of Holp satisfies
holp =
{
FTraγ(p)(X,Y )
∣∣ γ ∈ Πthin1 (M), γ(0) = x, X, Y ∈ TTra(γ,p)P} , (5.21)
where F is the curvature of A.
The identity component of Holp is the reduced holonomy group Ĥolp, i.e. the holonomies of all con-
tractible groups. This theorem can then be rephrased as saying that the curvature completely determines
the reduced holonomy group. This is not so surprising keeping the non-Abelian Stokes theorem 4.3 in
mind; the non-Abelian Stokes theorem tells us that the holonomy of a contractible loop can be expressed
as an integral over the curvature. The precise argument showing how the Ambrose-Singer theorem is a
corollary to the non-Abelian Stokes theorem appears in [Voo18]. This provides a proof quite different
from the original. The original prove relies on the fact that the curvature appears as the obstruction
to involutivity of the horizontal distribution defined by a connection. There does not seem to be an
analogous interpretation of the curvature of a 2-connection.
Consequently we will shows that an Ambrose-Singer theorem for 2-gauge theory appears as a corollary
to the higher non-Abelian Stokes Theorem. We first define the 2-holonomy group (n.b: this is a group,
not a 2-group).
Definition 5.6. Let P1 ⇒ P0 →M be a principal (GnH ⇒ G)-2-bundle with 2-connection (A,B), and
let p ∈ (P0)x. Then we define the 2-holonomy group:
Hol2p =
{
Tra2H(Σ, p)
∣∣ Σ : γ ⇒ γ, s(γ) = x} ⊂ ker t ⊂ Z(H), (5.22)
where we recall that Tra2H(Σ, p) = Tra
2
Σ(p) : IdTra(s(Σ),p). We also define the reduced 2-holonomy group
Ĥol2p to be the subgroup of Hol
2
p consisting of elements Tra
2
H(Σ, p) where Σ : γ ⇒ γ is contractible (i.e.
such that there is a homotopy h : ΣV Idγ). This coincides with the identity component of Hol2p.
Theorem 5.7 (Higher Ambrose-Singer). The Lie algebra hol2p of Hol
2
p is given by{
KTraγ(p)(X,Y, Z)
∣∣ γ ∈ Πthin1 (M), γ(0) = x, X, Y, Z ∈ TTra(γ,p)P} . (5.23)
Proof. Note that hol2p is spanned by elements of form
d
dr
∣∣∣∣
0
Tra2H(Σr, p) Tra
2
H(Σ0, p)
−1,
where Σr is a smooth family of homotopies Σr : γ ⇒ γ. By the higher non-Abelian Stokes theorem 5.2
we have
=
∫ 1
0
∫ 1
0
dsdt Σ∗K0,s,t(∂r, ∂s, ∂t) =
∫ 1
0
∫ 1
0
dsdt KTra(Σ0,s,t,p)(Σ∗∂r,Σ∗∂s,Σ∗∂t).
This shows that hol2p is spanned by the curvature elements. For the converse we note that
∂
∂r
∣∣∣∣
0
uρ,σ,0(r, s, τ + t),
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as in the proof of theorem 5.2, is a bigon in hol2p, and is zero if either s = 0 or t = 0, hence
∂3
∂r∂s∂t
∣∣∣∣
0,0,0
uρ,σ,0(r, s, τ + t) = KTra(hr,s,t,p)(h∗∂r, h∗∂s, h∗∂t) ∈ hol2p.
Varying h : I3 → M , and noting that K kills vertical vectors we obtain the inclusion in the other
direction.
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